We present a new framework for computing low frequency transport properties of strongly correlated, ergodic systems. Our main assumption is that, when a thermalizing diffusive system is driven at frequency ω, domains of size ξ ∼ D/ω can be considered as internally thermal, but weakly coupled with each other. We calculate the transport coefficients to lowest order in the coupling, assuming incoherent transport between such domains. Our framework naturally captures the sub-leading non analytic corrections to the transport coefficients, known as hydrodynamic long time tails. In addition, it allows us to obtain a generalized relation between charge and thermal transport coefficients, in the spirit of the Wiedemann-Franz law. We verify our results, which satisfy several non-trivial consistency checks, via exact diagonalization studies on the one-dimensional extended Fermi-Hubbard model. arXiv:1910.10153v1 [cond-mat.str-el] 
Introduction-
The appropriate theoretical description of thermoelectric transport in the high temperature regime of strongly correlated materials remains an open question [1] [2] [3] . A case in point is the linear in T resistivity seen in a broad class of correlated materials, including the high T C cuprate and pnictide superconductors [4, 5] . The fact that the resistivity can exceed the Mott-Ioffe-Regel limit suggests that these materials cannot be described within a quasi-particle picture and the standard Boltzmann formalism is inapplicable.
A popular and successful approach to analytically compute response functions has been to construct microscopic models of non-Fermi liquids. The strongly coupled nature of the problem necessitates the use of models with an artificial control parameter -the inverse dimension of an unphysically large local Hilbert space. Tractable examples include a lattice of coupled Sachdev-Ye-Kitaev (SYK) dots [6] [7] [8] [9] [10] [11] as well as large N models with electron phonon coupling [12, 13] . The electronic properties in these models are determined (except maybe at the very lowest temperatures) by local on-site physics, while transport may be obtained to lowest order in the hopping or tunneling between the sites.
The large-N lattice theories allow a controlled analytic computation of the conductivity, and are thus an invaluable tool. However, these models also have inherent problems. First, the large-N limit and the small frequency limit of the optical conductivity σ(ω) do not commute. This is because when perturbed at decreasing frequencies, a generic system will be thermalized over increasing distances; this process is inherently spatially extended, as it involves the increase of correlations and entanglement across the system. In most large-N systems, however, the extensive number of degrees of freedom on each lattice site allows for thermalization to occur locally, thereby ignoring physical processes that entangle distant sites [14] . Second, non-integrable models exhibit a universal late time hydrodynamic description, where the only relevant excitations are slowly decaying imbalances of conserved charges. Non-linear couplings between hydrodynamic modes lead to non-divergent singularities in the low frequency optical response, referred to as longtime tails (LTTs) [15, 16] . The failure to capture LTTs, FIG. 1: Transport of conserved charges via hopping between boundaries of thermalized blocks B i of linear size ξ(ω). Each block is self-thermalized, but is weakly coupled to neighboring blocks through boundary terms. ξ T is the single-particle coherence length; we require ξ T ξ(ω).
which formally require 1/N corrections [17] , is another shortcoming of the large-N approach.
In this Letter, we propose a new framework to describe transport in strongly correlated systems. We assume that the system can be coarse grained effectively into weakly coupled regions, each internally thermalized. The frequency at which we measure a system's response, such as its optical conductivity σ(ω), determines the size of subsystems that can be taken to be at internal thermal equilibrium in the process. In case of diffusive transport, a sub-system of size ξ(ω) ≈ D/ω, where D is a diffusion constant, is expected to be internally at thermal equilibrium. We propose that the low-frequency transport coefficients may be calculated by assuming weak incoherent tunneling between thermalized regions of spatial extent ξ(ω), as depicted schematically in Fig. 1 .
Our framework is reminiscent of the aforementioned large-N theories, where transport is also calculated to lowest order in the coupling between two adjacent blocks, each of which is strongly coupled. However, in contrast to large-N models, the large number of degrees of freedom in each block arises naturally (at low enough ω) in our approach. More importantly, our approach preserves the spatial structure of the thermalization process, and is thus able to describe hydrodynamic effects. This allows us to derive, for example, general relations between DC transport coefficients and coefficients governing the emergence of hydrodynamic long time tails.
Main Results -We consider a generic local strongly interacting Hamiltonian. Charge and energy are assumed to be conserved in our model, while momentum is not conserved (e.g. due to umklapp scattering). Our approach may be generalized to include additional symmetries (eg. spin-rotation) without altering the qualitative picture.
We calculate the thermoelectric coefficients in an isotropic system
where J and J Q are the charge and thermal currents respectively, σ is the charge conductivity, κ = κ − α 2 /σ is the thermal conductivity, and E is a small applied electric field. For simplicity, we consider a strongly coupled system, where both the kinetic energy and interaction strength are comparable, and parameterized by the same quantity U , with dimensions of energy. However, the picture we present is relevant for any non-integrable setup. The thermodynamic information is encoded in the many-body density of states, ρ( ) ∝ e S( ) , where S is the entropy. By considering the system as composed of weakly coupled internally thermalized blocks we derive an analytical expression for the optical response functions K ij (ω, T ) in terms of ρ( ) (see Eqs. (8, 9) ), valid for frequencies small enough such that D/ω ξ T , where ξ T is a thermal coherence length in the system. A first result of the procedure is that a low-frequency expansion immediately yields hydrodynamic LTTs [15] for dimension d ≤ 3:
While our approach does not facilitate a particularly simple evaluation of the transport coefficients, it reveals new relations between the different coefficients. Specifically, we derive the relation
Eq. (3) can be viewed as a generalized Wiedemann-Franz law, relating the ratio of several hydrodynamic coefficients. Here the constant is temperature independent and only weakly dependent on the exact form of the Hamiltonian, as explained below. Crucially, the above results rely on the validity of the eigenstate thermalization hypothesis (ETH) [18, 19] . In particular, the relation (3) may be violated in integrable models even if the transport coefficients are well-defined (see [20] for a detailed discussion of this point).
Derivation -We consider generic strongly interacting Hamiltonians, such as the following model of spinless fermions
here, c † i creates an electron on site i, n i is the electron density at site i, t ij and U ij are short ranged hopping and interaction parameters respectively. We consider the case of strong coupling, where the hopping amplitude is of the order of the interaction, t ∼ U , and thus the Hamiltonian is characterized by a single energy scale U . Thermoelectric coefficients are given by the Kubo formula:
where J i=1,2 are the electric and thermal current operators respectively, and Z(β) is the partition function at temperature T = β −1 . |n is an eigenstate of the manybody Hamiltonian, with energy E n . The evaluation of K ij (ω) will be simplified using two key assumptions: (i) Each eigenstate |n of the entire system factorizes into a product of eigenstates of weakly coupled thermal blocks of size ξ = D/ω. (ii) The total current operator decomposes into a sum of local currents, which can be added incoherently beyond a temperature-dependent coherence length ξ T . We first focus on the high temperature or incoherent regime, where the electron coherence length is of the order of the microscopic lattice spacing a (our unit of length henceforth). In this regime, we consider the current as due to incoherent hopping of single electrons between decoupled blocks of linear size ξ, i.e, the current operator decomposes into an incoherent sum of local inter-block current operators (see [20] for further details). From Eq. (27) , to the lowest order in the coupling between these thermal blocks, we get (in the limit ω T )
where |m i , |n i are the initial and final state of two representative adjacent thermalized blocks i = 1, 2, with re-spective energies mi,ni and with identical partition functions Z ξ (β). Note that the fact that we can sum the contributions of the different hopping terms incoherently is a simplification of the high temperature (incoherent) regime.
For simplicity, we also treat each high-T thermalized block as a random matrix. Several papers have recently discussed and analyzed the emergence of random matrix theory (RMT) [21] in thermalizing systems [22] [23] [24] [25] [26] .
Here we utilize these insights within a phenomenological model for transport. In particular, matrix elements of local operators between many-body eigenstates of an ergodic Hamiltonian obey predictions of RMT, if the energy spacing between them is small enough, i.e. compared to a Thouless energy [22] .
For now we take the RMT description beyond its intended validity. More precisely we assume that the matrix elements of the electron operator in a thermal block to be a constant independent of energy difference even for differences larger than the Thouless energy of the block (ω by construction) up to the single particle bandwidth:
In doing so, we have in effect neglected charge and energy diffusion inside one block, taking these processes to be instantaneous at the time scale 1/ω. Below, in the treatment of the low temperature regime, we'll see that this simplification is not crucial and can be relaxed. In addition we have replaced the soft cutoff of the electron spectral function at the single particle bandwidth with a sharp cutoff. We note that the hopping of an electron between neighboring self-thermalized blocks induces transitions in each block which may be of the order of U ; however, the total energy difference between initial and final states is set by ω.
We also assume that ξ is large enough so that each thermal block serves as a thermodynamically large copy of the system as a whole. Hence, we perform a dimensionless rescaling of the many-body density of states ρ( ), related to the thermodynamic entropy density s( ) via 1 ). These considerations allow us to simplify the expression for the conductivity K ij (ω) at high temperature in Eqs. (6) as follows [20] :
where we have defined Φ(β, z) to be the thermally weighted convolution of many-body density of states at different energies. We emphasize that the leading ω-dependence enters through ξ ∝ ω −1/2 . A saddle point approximation in Eq. (8) leads us to a nonperturbative formula for the high-T DC electrical conductivity:
We now generalize these results to low temperatures, where the coherence length ξ T is much longer than the lattice scale. ξ T is related to the decay rate τ −1 of the single particle Green's function; in a Fermi liquid, ξ T = v F τ , with v F the Fermi velocity. As ξ T grows, contributions to the current matrix element originating from different sites cannot be added incoherently as we have done above. This implies that the inter-block current operator grows in complexity as we go to lower temperature. This is another significant deviation from large−N models where only incoherent hopping between adjacent sites with formally divergent local Hilbert spaces are considered. As shown in the supplement [20] , the current operator evaluated at wavevector q = ξ −1 T contains the required information about such coherence effects. Furthermore, matrix elements of this current operator are related to the non-local (finite-momentum) AC conductivity at zero temperature σ(q, ν, T = 0). This leads us to the following expression for the optical conductivities at low temperatures T U :
Our results are expected to hold for low enough frequency ω D/ξ 2 T . We are thus able to extend the DC result down to lower temperature, where we find
As a check, we verify in the supplement [20] that in a Fermi liquid, the conductivity given by Eq. (10) diverges as σ DC ∝ T −2 for electron-electron scattering in a clean system, while σ DC goes to a constant when disorderscattering dominates, as expected [27] . A Taylor expansion of the formulas for the optical conductivity given by Eqs. (8, 9) reveals the low-frequency correction to the DC value has the non analytic form |ω| d/2 as in Eq. (2), arising from the ω-dependence of ξ. The coefficients of this expansion are complicated functions of the many-body density of states; however, it is possible to cancel the microscopic, T -dependent details by taking the appropriate ratio, leading to our generalized Wiedemann-Franz law:
One natural outcome of our computation is that σ LT T and κ LT T , being integrals over odd powers of the energy difference (parameterized by y in Eq. (8)), vanish for a particle-hole symmetric Hamiltonian. This is consistent with the hydrodynamic derivation of LTTs in Ref. 15 , where the current operator is odd under a particle-hole transformation, while the non-linear term which describes LTTs is even under it. One may ask how general such a relation between transport coefficients is, and how it depends on our specific assumptions. Using general hydrodynamic arguments and relying only on time reversal symmetry, we find the general relation [20] 
with ζ = ∂ 2 S/∂µ∂T and Υ = ∂ 2 S/∂T 2 . Our result is more restrictive; this shows that in order for Eq. (11) to hold, more assumptions are needed, e.g. that the relevant excitations carry both energy and charge, and that the system is non-integrable. However, in a specific physical setting where a controlled calculation of DC transport coefficients is available, namely the case where momentum is almost conserved and the memory matrix formalism is valid [28] , the thermodynamic factors cancel and Eq. (12) indeed reduces to Eq. (11) (see [20] for details). This constitutes a non-trivial consistency check for our results.
We also check numerically if the relation (11) holds in a microscopic non-integrable model of strongly interacting fermions in one dimension:
Our exact diagonalization results of a system of size L = 18 at half-filling show that the relation holds remarkably well for a non integrable system (see Fig. 2 ). For integrable systems, it is expected to fail because of resonances (see [20] for details).
Let us now turn to an example that illustrates how our scheme accounts for the spatial nature of thermalization. To formulate a solvable model we take inspiration from calculations of lattice systems in which the internal dynamics of each lattice site is described by a Sachdev-Ye-Kitaev (SYK) model [6] [7] [8] [9] [10] [11] . Following our approach, we reevaluate the conductivities in such models by viewing each SYK "dot" as representing the dynamics not of a microscopic lattice site, but rather of an emergent thermalized region of size ξ(ω) = D/ω. Using the known SYK single-particle Green's function [29] [30] [31] [32] [33] [34] [35] , we obtain σ DC (T U ) ∝ T −1 for the DC conductivity, just as in a microscopic SYK lattice model. However, in this case we can also compute the hydrodynamic longtime-tail coefficient of the electrical conductivity, which is absent in the microscopic SYK models. The result is σ LT T ∝ U D −d/2 ET 2 , with 2πE = − lim T →0 (∂µ/∂T ) a parameter related to particle-hole asymmetry. The LTT coefficient vanishes in the particle-hole symmetric problem as expected.
Discussion-We developed a framework for understanding electrical and thermal transport in correlated electron systems. Building on the results of the eigenstate thermalization hypothesis, we claim that the low frequency transport coefficients in an ergodic system may be considered as arising from incoherent tunneling between thermalized regions. The size of each region is determined by the frequency probing the system, while microscopic details enter via the many-body density of states, singleparticle coherence length, and zero-temperature optical conductivity. The frequency dependence of the size of thermal blocks is a key ingredient in our theory, and distinguishes it from existing considerations of coupled qudits/SYK dots [7] [8] [9] [10] [11] 36] or coarse-graining approaches towards emergent hydrodynamics [37] .
Our framework naturally accounts for the existence of hydrodynamic long time tails, and reveals new relations between charge and thermal transport coefficients, in the spirit of the Wiedemann-Franz law. Our analysis is completely generic for low frequencies. In particular, it holds for both quasiparticle and non-quasiparticle transport.
In our analysis we have presented a translationally invariant Hamiltonian. Weak quenched disorder will not qualitatively change the picture, as long as the system remains ergodic, which is expected for strong interactions, particularly in higher dimensions [38] [39] [40] [41] .
The picture we present for transport in strongly corre-lated systems may be applied to a wide variety of problems: it may be relevant for considering the electronic properties of critical or out-of-equilibrium systems, beyond the Boltzmann paradigm. It is particularly suitable for studying ratios of hydrodynamic coefficients, such as the Hall angle tan θ H . In addition, our results may be compared to theories which allow for a controlled calculation of LTTs, such as the interacting, weakly disordered 
SUPPLEMENTARY INFORMATION

ETH and RMT
In this section, we provide a brief discussion of eigenstate thermalization and random matrix theory to motivate our picture of transport. The thermalization of non-integrable, closed quantum many-body systems is understood via the eigenstate thermalization hypothesis (ETH), which may be formulated in terms of the matrix elements of operators; for two eigenstates of the many-body Hamiltonian, |E i and |E j with energies E i , E j , the expectation value of a local operatorÂ is given by
is the microcanonical expectation value of the operatorÂ at energy E, f (E, ω) is a smooth function of its arguments and is related to the time-dependent correlations ofÂ, S(E) = log[ρ(E)] is the entropy (ρ is the many body density of states), and r ij are randomly distributed numbers with mean 0 and variance 1. The ETH is closely related with the properties of random matrices. For a random matrix Hamiltonian, the expectation of any local operator between any two eigenstates |E i , |E j is given by
where Ω is the dimension of the Hilbert space. The difference between ETH and the predictions of random matrix theory are the energy dependence of both the diagonal and off-diagonal values, which are constant for a random matrix but are energy dependent for a generic Hamiltonian. However, for eigenstates whose energy difference is smaller than an energy scale known as the Thouless energy, E T h , the functions A M C (Ē) and f (Ē, ω) are constant; this means that for times longer than t T h = 1/E T h , the system behaves as if it were a random matrix. This can be interpreted in the following way: at the longest times, all the degrees of freedom in a system strongly interact with each other, the local structure of the Hamiltonian is lost, and the eigenstates seem like random vectors, just like the eigenstates of a random matrix. In a diffusive system, the Thouless energy scales as
where D is a diffusion constant [26] and L the linear size of the system. In our work, we will assume that there exists a single diffusion constant D which characterizes the relaxation of both energy and charge density in a strongly coupled system.
Derivation of transport coefficients
In this section, we provide a detailed derivation of the transport coefficients, commenting on approximations and normalization conventions used along the way. We consider a generic strongly interacting many-body Hamiltonian; for example, the spinless Fermi-Hubbard Hamiltonian with spatially local hopping (t ij ) and interaction (U ij ) terms.
We consider the case of strong coupling, where the hopping amplitude is of the order of the interaction, t ∼ U , and thus the Hamiltonian is characterized by a single energy scale U . Our approximation is to calculate the transport coefficients to the lowest order in the hopping between two neighboring locally thermalized but uncorrelated blocks, each described by a random matrix. Given a probing frequency ω, the linear size of each thermalized block is given by
Note that in a macroscopic system L ξ(ω), such a partition into thermalized blocks can be done in ξ/a ways, depending on where we place the boundary (or origin) of the first block.
We evaluate the optical conductivity (real part) using the Kubo formula, which requires us to compute the retarded current-current correlation function. Our picture of transport via electron-hopping across thermalized blocks allows us to write down a phenomenological approximation to the current operator, which we expand upon below. The microscopic electric current operator in directionn is given by
where the sum runs over all lattice points i and all j that are connected to i via a vector parallel ton. We can decompose this operator into a sum of local current operators that transport electrons across the boundary between thermalized blocks B of linear size ξ(ω) (such a boundary is normal ton and has (ξ/a) d−1 sites, and the total number of such blocks are (L/ξ) d ), and the set of possible origins ranging in (1, ξ/a). Denoting each boundary site by and the origin coordinate by O, we see that the microscopic current operator can be written as (all lengths are measured in the units of lattice spacing a = 1)
where we have stuck to nearest neighbor hopping for simplicity, although the generalization to any local hopping (over lengthscales much shorter than ξ) is straightforward. Using this form of the current operator, we find the conductivity in different regimes -first focusing on high T (T U ) for simplicity and subsequently extending our results to lower temperatures. We also comment that the full current operator also includes the tunneling from block B +n to block B, but our assumption of incoherent hopping between blocks implies that these contributions add incoherently and just contribute an overall factor without modifying any functional dependence in our results.
In our derivation, we use an approximate form for the thermal current operator J 2 , which amounts to replacing the thermal current density J 2 i on site i by the expression
where H R,L are the Hamiltonians of the thermalized blocks on each side of the boundary i. Below, we motivate this replacement from a microscopic model. Consider a microscopic, one-dimensional Hamiltonian of the form presented in the Hamiltonian, with nearest neighbor interactions and hopping:
The charge current operator is given by
with the charge current density J 1 j = j ([n j , h j ] − [h j−1 , n j ]). In the same way, we define the thermal current density (in a bit convoluted, but rigorous way) as J 2
). It can be easily seen that
As the Hamiltonian densities at sites k > j + 1 and k < j − 2 commute with J 1 j , we can write
with H R the Hamiltonian of the right thermalized block, without the boundary term h j , and similarly for H L . Since J 2 j only contains terms with c j or c † j , the commutator with n j will only add a phase to each matrix element we consider. We therefore claim that we are allowed to make the replacement
Furthermore, at low ω, when each thermalized block is very large, the effects of the boundary terms is negligible, and we are justified in taking H R → H R . This analysis will hold for less local Hamiltonians as well (e.g: with next-nearest neighbor hopping or interaction), but will require more boundary terms to be ignored. However, any finite number of boundary terms will be negligible for low enough ω.
a. T → ∞
As T → ∞, the Kubo formula for the transport coefficients is given by
where J i=1,2 are the electric and thermal current operators, and Z is the partition function, which at β = 0 (T = ∞) is equal to the Hilbert space dimension. We use the decomposition of the current operator hopping electrons between uncorrelated thermalized blocks B and B +n, as discussed in Eq. (20) . We further assume that many-body eigenstate |n can be approximately factorized into single-block eigenstates, i.e, |n ≈ B |n O,B and E n ≈ n B n B for a given choice of origin O. We evaluate the current perturbatively in the hopping between these blocks, noting that the boundary hopping term only has non-trivial matrix elements between adjacent blocks.
At high T , the coherence length of the electron is negligible, so that all contributions to the current operator add incoherently. This leads to the survival of only the diagonal terms in block, layer and boundary index in the summation when we evaluate the absolute square of the matrix element | m|J 1 n |n | 2 . Since we expect the current across the boundary to be independent of the block B or origin O index, we can directly evaluate the sum over these indices which gives an overall factor of L d /ξ d−1 .
where for notational simplicity we have considered two adjacent two blocks B 1 and B 2 , which have eigenstates |m 1,2 and eigen-energies E 1,2 respectively. Next, we turn to an approximation of the matrix elements within each thermal block. Our main postulate is that the eigenstates of each thermalized region are structureless, and are essentially random vectors in the basis of single-site occupation. This is equivalent to neglecting the energy depednce of the function f (E, ω) in the ETH formula.
To find the correct normalization of the matrix elements, we note that c † i c i , which is the average occupancy of site i, is equal to the average density in a translation invariant system, and therefore a O(1) number. We also note that the hopping of a single electron cannot connect two many-body states separated by an extensive energy; rather it connects two states with energy difference set by U , the only energy scale in H. Therefore, we may write
Here Z i (β = 0) is the Hilbert space dimension of block B i . Further, the approximate factorization of |n ≈ B |n B implies that the partition function also factorizes as Z = B Z i . When summing over the states, all blocks other than B 1 and B 2 yields the partition function of that block. This is because the current operator J 1,2 only has non-trivial matrix elements within these two blocks and acts as the identity operator on all other blocks B i , i = 1, 2, ensuring that only the diagonal terms survive in the other blocks.
Inserting this approximation of the current matrix element into the Kubo formula in Eq. (27) results in
where we moves from summation to integration and ρ( ) is the many-body density of states.
As the frequency decreases, the size of the RMT region increases; therefore, at low enough frequencies, each region closely resembles the entire system. This implies that the density of states for an RMT region satisfies a scaling law
with φ a dimensionless function, taking arguments schematically from −1 to 1 (by this we mean that it is non zero over a region of order unity, not necessarily symmetric around zero). Substituting this form into the formula for L ij , and making a change of variables → U ξ d x, µ → U y, this results in
This is one of our main theoretical results. Note that the integral limits (−1 to 1) are schematic; they simply imply that the integral is over an ω-independent regime; in particular, the integral over an odd power of y need not vanish (it will vanish in the case of particle-hole symmetry). Note as well that the rescaling of energy variables allowed us to factor out all system size dependence, and establish that K ij (ω) is intensive.
b. Finite T , T U As long as the temperature is high enough for the single-particle coherence length ξ T to remain of the order of a few lattice spacings, our approximation for the current matrix element remains valid, and the only change is the statistical weight of the many-body eigenstates. We therefore use the finite-T Kubo formula:
Working through identical steps while keeping track of the thermal weights leads to our expression for the finite temperature K ij (ω) in the main text, which we reproduce below for convenience for ω T .
Thus the effects of finite temperature enter both through the statistical weighting of the many-body states (which appears also in the finite T partition function Z), and through the averaged current matrix element. We further simplify our expression by noting that, in the saddle-point approximation, ρ 2ξ (T ) ≈ ρ ξ (T /2) 2 ; using which we get
We note that we use the charge conductivity as the indicator for the size of the matrix element also in the case of thermal or thermoelectric transport. This is consistent with the picture we presented in the T = ∞ case, where all transport in the high T regime is due to electrons hopping between thermalized regions. Thus, the only information we obtain from a region of size ξ(ω) will be the rate of electron tunneling; the amount of energy transferred is obtain by the difference of the many-body energies, which are determined by the structure of the eigenstates over a region ξ(ω).
d. Sanity check: low T behavior of a Fermi liquid
In this subsection we show that Eq. (45) predicts the correct behavior of the DC conductivity in a low T in both a clean and disordered Fermi liquid. The DC limit of the conductivity in Eq. (45) is given by
The T = 0, ω = 0 non-local conductivity is known to give
where l mf p is the mean free path due to elastic disorder scattering. We claim that this behavior will not change for a finite probing frequency ω, as long as ω ≤ T . Thus, at low temperatures, the conductivity diverges as ξ T ∝ T 2 in the clean case, while it saturates to a constant value proportional to l mf p in the disordered case.
Integrable vs. non-integrable systems
The above picture of transport is relevant for non-integrable models. At first glance, it may appear to hold for integrable models as well, as in most bases the many-body eigenstates of a generic, interacting integrable Hamiltonian will also appear as random vectors. An understanding of why the previous arguments fail for such models may be obtained by considering higher order corrections to the conductivity. Our picture of transport is a lowest order calculation in the hopping between decoupled, self-thermalized blocks. Therefore, the first correction to our formula will arise from the modification of the eigenstates of each region due to the coupling between neighboring blocks.
Using the notations of the paper, we are looking to corrections to the eigenstates |m , which to the lowest order are given by a direct product |m (0) = |m 1 |m 2 ; the correction is due to the boundary term,
which is treated as a perturbation. The lowest order correction is given by
This results in a lowest order correction to the conductivity given by (for the infinite T case)
In contrast to the lowest order term in the conductivity, here the matrix elements are summed before their absolute value squared is taken. The magnitude of each matrix element is Z(β = 0) 1/2 ξ d/2 , but the phases fluctuate. If we define m|c|p = Z(β = 0) 1/2 ξ d/2 γ mp , this results in
The potentially problematic part of Eq. (50) appears when E mi ∼ E pi (the case of E m1 − E p1 = E p2 − E m2 is treated along the same lines once we realize that the combination of these four states are excluded from the second order correction as it already contributes to the first order one). In a non-integrable system, the probability of finding an energy E + near the energy E ( ∼ U/Z) is given by the sine kernel formula [21] :
Inserting this form into Eq. (50) results in the following contribution from states with a vanishing denominator (signified as σ V D ; we ignore the phases γ for simplicity):
Thus, the calculation we present in this work is effectively an expansion in the small parameter ξ(ω) −2 . In calculating the higher order correction σ (2) , explicit use has been made of the fact that non-integrable models display level repulsion. This assumption fails for integrable systems, in which resonances may happen, and this expansion fails. A comparison between a strongly non-integrable model and an almost integrable model is shown in the numerics.
Transport coefficients for coupled SYK blocks
We compare the predictions of our theory to those obtained by modeling each thermalized region as an SYK dot. The single-fermion spectral function in a SYK dot is given by (in the particle-hole symmetric case) [29] A(ω, T ) ≡ 1 + e −βω Z(β) m,n e −βEm | m|c|n
subtract the two lines to get ẋ i x j x k = 0.
Using identity Eq. (61) we get
To lowest order in the λs we have 
Multiply Eq. (69) by β ji β ki and sum over j and k to get
Multiply Eq. (69) by β ji β ki and sum over j and k to get (i means the second degree of freedom)
Using these results it is straightforward to show that E nne E ene = γ 11 β 12 + γ 12 β 22 γ 12 β 12 + γ 22 β 22 ,
where n are the charge and e are the energy fluctuations. The matrix β is given by β ij = ∂ 2 S/(∂n i ∂n j ):
with χ the compressibility and c the heat capacity. We therefore get
Using the arguments of Mukerjee et al. [15] , we get that
which is the result quoted in the main text.
